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Abstract: 


This  paper  shows  new  methods  for  random  generation,  ranking  and 
unranking  of  k-ary  trees. 
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1.  INTRODUCTION 


The  problem  of  generating  ordered  trees  was  studied  rather 
extensively  in  the  recent  literature  [1,  2,  3,  4,  5,  6,  73.  As  in  all 
problems  concerning  the  generation  of  a  set  of  combinatorial  objects, 
there  are  three  major  aspects  of  the  problem.  After  defining  a  certain 
linear  ordering  over  the  set  of  combinatorial  objects  that  we  are 
interested  in  we  need  to  (i)  design  an  algorithm  for  listing  the 
combinatorial  objects  one  by  one,  (ii)  design  an  algorithm  for  determi¬ 
ning  the  rank  (the  relative  position  in  the  linear  ordering)  of  a 
given  combinatorial  object,  and  (iii)  design  an  algorithm  for  generating 
a  combinatorial  object  when  its  rank  is  given.  In  most  cases,  there 
is  an  additional  consideration,  namely,  to  choose  a  suitable  way  to 
represent  the  combinatorial  objects.  (For  example,  the  subsets  of  a 
set  can  be  represented  by  subsets  of  integers  corresponding  to  the 
elements  in  the  set,  or  by  0-1  vectors,  and  so  on.).  Therefore,  we 
are  actually  concerned  with  the  listing,  ranking,  and  unranking  of  a 
chosen  representation  of  the  combinatorial  objects.  Furthermore, 
a  chosen  representation  might  possess  a  natural  linear  ordering  (for 
example,  the  lexicographical  ordering  of  sequences  of  integers)  which 
might  or  might  not  be  consistent  with  the  linear  ordering  over  the 
combinatorial  objects  that  was  defined  earlier.  In  this  paper,  we 
study  listing,  ranking,  and  unranking  algorithms  for  k-ary  trees  when 
they  are  represented  by  permutations  of  multi-sets,  by  sequences  of 
0's  and  1  's,  and  by  sequences  of  integers. 

A  tree  is  said  to  be  rooted  if  there  is  a  distinct  internal 
node  which  is  identified  as  the  root.  A  tree  is  said  to  be  regular 
if  every  internal  node  of  the  tree  has  the  same  number  of  sons.  A 
tree  is  said  to  be  ordered  if  the  subtrees  of  each  internal  node  are 
ordered  and  are  identified  as  the  first  subtree,  the  second  subtree, 

...,  and  so  on.  (Thus,  two  trees  T  and  T'  are  isomorphic  if  and  only 
if  the  first  subtree  of  T  is  isomorphic  to  the  first  subtree  of  T', 
the  second  subtree  of  T  is  isomorphic  to  the  second  subtree  of  T', 

....  and  so  on).  Throughout  this  paper,  we  consider  the  class  of 
rooted,  regular,  ordered  trees  in  which  every  internal  node  has 
exactly  k  sons  .  For  brevity,  we  shall  refer  to  these  trees  as  k-ary 


2 


tree*.  The  level  number  of  a  node  (internal  node  or  leaf)  ia  defined 
to  be  the  length  of  the  path  (number  of  edges)  from  the  root  to  the  node. 

Ve  define  a  linear  ordering  over  the  set  of  k-ary  trees  , <  ,  as 
follows  : 

Definition  1  :  Given  two  k-ary  trees  T  and  T',we  say  that  T  <  T'  if 

(i)  T  is  empty  (i.e.  T  has  only  a  single  node)  and  T'  is  not 
empty,  or 

(ii)  T  is  not  empty  and  for  some  !  £  i  S  k,  ■  Tj  for 
j  »  1,2,...,  i-1,  and  T.  <  T!  where  Tj,  T2*  ...»  Tfc, 

Tj,  Tj,  . ..,  denote  the  subtrees  of  T  and  T', 
respectively. 

Figure  1  shows  an  example  where  T  and  T'  are  ternary  trees. 


T 


T  <  T' 


Figure  1 


2.  PERMUTATION  REPRESENTATION  OF  k-ARY  TREES 

A  binary  tree  with  n  internal  nodes  can  be  represented  by  a 
permutation  of  the  integers  1,2,...,  n  [1,2,5].  The  general  idea  is 
to  traverse  a  binary  tree  according  to  a  certain  order  and  label  the 
internal  nodes  in  the  order  they  are  visited  with  the  integers 
1,2,...,  n.  The  tree  is  then  traversed  again  according  to  a  different 
order  and  the  labels  of  the  internal  nodes  are  read  off  in  the  order 
they  are  visited.  We  thus  obtain  a  permutation  of  the  integers 
1,2,...,  n  which  can  be  used  to  represent  the  binary  tree.  Knott  Cl] 
and  Roten  and  Varol  [2]  studied  such  a  representation  in  which  we 
traverse  and  label  the  internal  nodes  in  post-order  (left  subtree** 
right  subtree-root)  and  then  traverse  and  read  off  the  labels  of  the 
internal  nodes  in  preorder  (root-left  subtree-right  subtree). 
Trojanowski  [5]  studied  such  a  representation  in  which  we  traverse 
and  label  the  internal  nodes  in  preorder  (roof-left  subtree-right 
subtree)  and  then  traverse  and  read  off  the  labels  of  the  internal 
nodes  in  inorder  (left  subtree-root-right  subtree).  Figure  2  shows 
an  example.  For  the  tree  in  Figure  2(a),  Figure  2(b)  shows  the  labels 
of  the  internal  nodes  and  the  permutation  according  to  the  represen¬ 
tation  used  by  Knott.  Figure  2(c)  shows  the  labels  of  the  internal 
nodes  and  the  permutation  according  to  the  representation  used  by 
Trojanowski . 


Figure  2 


Trojanowski  [5]  used  a  similar  representation  for  k-ary  trees 
where  a  k-ary  tree  with  n  internal  nodes  is  represented  by  a  permu¬ 
tation  of  the  integers  1,2,...,  nk+1.  However,  such  a  representation 
does  not  reduce  to  the  representation  for  binary  trees  described 
above  when  k  ■  2.  We  show  now  a  representation  of  a  k-ary  tree  with 
n  internal  nodes  by  a  permutation  of  a  multiset  consisting  of 
(k-1)  I's,  (k-1)  2's,  ...»  and  (k-l)  n's*.  Such  a  representation  can 
be  viewed  as  a  natural  extension  of  the  representation  for  binary 
trees  used  by  Trojanowski.  Suppose  we  traverse  a  k-ary  tree  in  the 
order  root-f  irt‘  subtree-second  subtree  -  ...  kC  subtree*  and  label 
the  internal  nodes  of  the  tree  in  the  order  they  are  visited.  We 
then  traverse  the  tree  in  the  order  first  subtree  -  root  -  second 
subtree  -  root  -  ...  -  (k-l)st  subtree  -  root  -  kC^  subtree**  and 

♦  This  can  be  viewed  as  an  extension  of  the  preorder  traversal 
of  binary  trees. 

♦+  This  can  be  viewed  as  an  extension  of  the  inorder  traversal  of 
binary  trees. 

k- 1 

*  We  shall  use  the  notation  (1,2,  . ...  n)  to  denote  the  multi¬ 
set  consisting  of  (k-1)  I's,  (k-1)  2's,  ....  and  (k-1)  n's. 


S' 


read  off  Che  labels  of  Che  infernal  nodes  in  Che  order  Chey  are 

visited.  Since  Che  label  of  each  infernal  node  is  read  off  exaccly 

k-1 

k-1  times,  we  obtain  a  permutation  of  the  multiset  (1,2,  n} 

which  we  shall  use  as  a  representation  of  the  k-ary  tree.  Figure  3 

shows  an  example.  We  shall  refer  to  such  a  permutation  as  the 
permutation  of  a  k-ary  tree.  We  shall  also  refer  to  such  a  represen¬ 
tation  as  the  permutation  representation  of  k-ary  trees.  For  a  k-ary 
tree  T,  we  use  j>(T)  to  denote  the  permutation  of  T  and  Pj,  p^,**** 


fc(T)  -  21  3  n  r6CS~ 


figure  3 


We  have  the  following  definition  : 


k-1 

Definition  2  :  A  permutation  £  of  the  multiset  (1,2,...,  n} 
is  called  a  tree  permutation  if  and  only  if  the  following  conditions 
are  satisfied  : 

(i)  The  (k-1)  n's  occupy  consecutive  positions  in  rr_. 

(ii)  The  (k-1)  n's  appear  either  to  the  right  of  the  leftmost 
n-1  or  to  the  immediate  left  of  the  leftmost  n-1 . 

(iii)  The  permutation  obtained  from  it  by  deleting  the  (k-1) 

k- 

n's  is  a  tree  permutation  of  the  multiset  {1,2,...,  n-1) 
We  have  now  : 

Theorem^!  :  The  permutation  of  a  k-ary  tree  with  n  internal  nodes 

~  ~  i 

is  a  tree  permutation  of  the  multiset  {1,2,...,  n} 

Proof  :  Let  T  be  a  k-ary  tree  and  x  be  the  internal  node  that 

is  labelled  n.  We  note  first  that  x  can  only  have  k  leaves  as  its 

subtrees.  (Because  x  is  the  last  internal  node  visited  in  the  root  - 

th 

first  subtree  -  second  subtree  -  ...  -  k  subtree  traversal).  Thus, 
in  the  permutation  £(T)  ,  the  (k-1)  n's  must  occupy  consecutive 
positions . 

Let  y  denote  the  father  of  x.  Either  y  is  labelled  n-I  (as 
illustrated  in  Figure  4(a)  or  the  internal  node  labelled  n-1  is  in 
a  subtree  of  y  that  is  to  the  left  of  the  subtree  that  contains  x 
(as  illustrated  in  figure  4(b)).  For  the  former  case,  if  x  is  the 
root  of  the  first  subtree  of  y,  the  (k-1)  n's  appear  to  the  immediate 
left  of  the  leftmost  n-1  in  £(f)  .  Otherwise,  the  (k-1)  n's  appear 
to  the  right  of  the  leftmost  n-1.  For  the  latter  case,  the  (k-1)  n's 
always  appear  to  the  right  of  the  leftmost  n-1  in  £(T) . 

Finally,  because  the  removal  of  the  k  leaves  of  x  from  T 
yields  a  k-ary  tree  with  n-1  internal  nodes,  condition 
(iii)  in  Definition  2  follows  immediately. 


▼ 


label  of  v  :  ft 
label  of  y  :  * -  • 

(O.) 


A 

label  of  *  :  n 
label  of  z 


Figure  4 


Theorem_2  :  There  is  a  1-1  correspondance  between  the  set  of 

all  k-ary  trees  with  n  internal  nodes  and  the  set  of  tree  permu- 

k-1 

tat  ions  of  the  multiset  { 1 ,2 ,  n} 

Proof  :  We  show  first  that  for  two  distinct  k-arY  trees  T  and 
T'  £<T)  and  £<T')  must  be  different.  The  proof  is  carried  out  by 
induction  on  n.  For  n  ■  1,2,  the  statement  is  obviously  true.  Let 
T  and  T'  be  two  k-ary  trees  with  n  internal  nodes.  Let  Tj ,  T2,  . . . 
denote  the  k  subtrees  of  T  and  Tj,  T^,  . . . ,  Tjj  denote  the  k  subtrees 
of  T' .  Let  us  assume  that  T^  -  Tj,  T2  =  T^,  ...,  T._j  **  T!_j  and 
T^  i  Tl.  Thus,  £(T)  will  be  of  the  form 

£(T, )  1£(T2)  I  ...  pCTj,,)  1  £(T£)  1  ... 

and  £(T')  will  be  of  the  form 


£<Tj>  I  £<t;>  ,  £(T!_,)  1  £(T!)  ,  ... 


where  £(T|)>  £(T^),  ...  ,  £(T.),  p(  1 J ) ,  p(T^) ,  ....  £(t!)  denote  the 
permutations  of  the  subtrees  T ^ ,  T  ...,  T.  T'  T'  T' 

We  note  that  E(T,)  =  pdj),  £(t2>  =  £(T')  ,  .  ,  £(T._  ( )  .  ^T^). 

If  T±  and  f|  contain  the  same  number  of  internal  nodes,  by  the 
induction  hypothesis,  p(T.)  *  £(T!).  If  T.  and  T!  contain  different 
number  of  internal  nodes,  i  must  be  less  than  k/and  in  £(T)  and  £(T') 
£(T.)  and  P(T! )  must  he  followed  by  a  I .  Since  £(T.)  and  £(T’)  do  not 
contain  the  integer  I,  it  follows  that  £(T)  +  £(t’)\  1 

We  show  now  that  given  a  tree  permutation  £.  of  the  multiset 
.  ik-1 

11,  2,  ...,  nl  there  is  a  corresponding  k-ary  tree  T  such  that  the 
permutati  m  of  T  is  equal  to  £.  The  proof  is  carried  out  by  induction 
on  n.  Clearly,  our  claim  is  valid  for  n=l,2.  For  n  >  2,  let%(Tt)  de¬ 
note  the  permutation  obtained  from£by  removing  the  k-1  n's  in  ^  . 

By  induction  hypothesis,  there  is  a  k-ary  tree^CT)  such  that  the 
permutation  of  &T>  is  equal  tc)J^j)(£)  •  We  examine  two  cases: 

1.  The  k-1  n's  occupy  the  rightmost  k-1  positions  in  n_.  I.et  c 
denote  the  integer  at  the  immediate  left  of  the  k- 1  n’s.  Clearly, 
the  k  subtree  of  the  internal  node  labelled  c  in  TbCO  is  a 

leaf.  Thus,  we  can  append  a  subtree  with  k  leaves  to  this  leaf  to 
obtain  a  tree  T. 


2,  The  k-1  n's  do  not  occupy  the  rightmost  k-1  positions  in 
it.  Let  C  denote  the  integer  at  the  immediate  left  and  d  denote  the 
integer  at  the  immediate  right  of  the  k-1  n's.  Suppose  c  >  d.  In 
this  case,  all  the  appearances  of  c  in  £  must  be  to  the  left  of  the 
k-1  n's.  Consequently,  the  son  of  the  internal  node  labelled 
c  inJ^(T)  is  a  leaf,  and  we  can  append  a  subtree  with  k  leaves  to 
this  leaf  to  obtain  a  tree  T.  Suppose  c  £  d.  If  d  is  the  i*"11 
leftmost  appearance  of  the  integer  d  in  n_,  then  the  subtree  of 

the  internal  node  labelled  d  in  is  a  leaf.  Again,  we  can 

append  a  subtree  with  k  leaves  to  this  leaf  to  obtain  a  tree  T. 

In  both  cases,  the  permutation  of  the  tree  T  is  equal  ton. 


Theorem  J  :  I  lie  l.-.w  ,.i  i  ca  1  irdering  of  all  the  tree  permutations 

of  the  multiset  1,2,...  u  h  s  n'lisistint  with  the  linear  ordering 

of  k-ary  trees  i  r.  Del  .  n.  t 

Proof  :  Ky  induct i  -n  in  i. . 

We  present  now  .in  algo  ithm  tor  listinjt  all  the  tree  permutations 
of  the  multiset  (1,2,...,  n,K  *.  It  i  r.  slip, lit  ly  simpler  to  have  an 
algorithm  that  lists  all  the  permiiLal ions  in  the  reverse-lexicographical 
order.  Thus,  the  first  permutation  in  the  listing  will  be 
nnn. . (n- 1 ) (n- I )  ...  222  . .111..,  and  the  last  permutation  will  be 
1  1  1  .  . .  2  2  2  . . .  ( n-  I )  ( n-  1 )  ( n-  If  .  .  .  imn  .•  ♦  •  • 

kiSgLliS  A  l_£o  r i  C  hm  : 

1.  Initially,  let  r  =  nnn.  .  .  (n- 1 )  (r.- 1 )  (n- 1 )  ...  222  ...  1  1  1  ..  . 

2.  If  the  (k-l)  n's  are  not  in  the  rightmost  k-l  positions  of 

tt,  i.e.  :  ='  •  •  nnn  Sj*  •  •  •  change  -  to  ...  i  nnn  .  . . 

3.  If  the  (k-l)  n's  are  in  the  rightmost  k-l  positions  of  7^, 

and  the  (k-l)  (n-l)'s  are  in  the  rightmost  k-l  positions 

in  front  of  the  n's,  ....  search  for  the  largest  m  such 

)  , 

that  not  all  the  (k-l)  m's  are  in  these  extreme  positions, 

i.e.  =  ...  mmm  where  <-  m,  and  change  tt_  to 

.  ..s^  nnn  ...  (u-1) (n-1) (n-1)  ...  (n-2) (n-2) (n-2)  . . . (m+1) 
(m+l)(nrH)  ...  mmm  ... 

U.  Stop  when  71  =  111... 222  ...  (n-  i )  (n- 1 )  (n- 1 )  .  .  .  nnn. .  . 


3.  RANKING  ALGORITHM 


We  show  in  this  section  an  algorithm  for  determining  the  position 
(rank)  of  a  given  k-ary  tree  in  the  Linear  ordering  of  k-ary  trees 
according  to  Definition  1.  We  show  first  a  reduction  scheme  which  is 
the  basis  of  our  ranking  algorithm.  Given  a  k-ary  tree  with  n  internal 
nodes,  we  remove  the  leftmost’'  k-1  leaves  of  the  tree  and  then  reconstruct 
a  k-ary  tree  with  n-1  internal  nodes  as  follows:  Let  y  be  the  leftmost  son 
of  x  in  a  (not  necessarily  k-nrv)  tree.  If  v  has  fewer  than  k  sons, 
remove  y  and  let  tile  sons  of  v  become  leftmost  sons  of  x  .is  i  1  Just  rated 
in  Figure  5(a).  If  v  has  more  than  k  sons,  say  m.  Let  the  rightmost 
m-k  sons  of  y  become  the  second,  third,  ...,  (m-kl^,  (m-k+1  )St  left¬ 

most  sons  of  x  as  illustrated  in  Figure  5(b).  (In  the  examples  in 
Figure  5,  k  =  1).  Now,  suppose  that  the  leftmost  k-1  leaves  have  been 
removed  from  a  k-ary  tree.  If  these  k-1  leaves  are  at  the  same  level, 
we  apply  the  reduction  step  described  above  to  the  father  of  these 
k-1  leaves.  Otherwise,  let  x^  denote  the  internal  node  which  is  the 
leftmost  brother  of  the  first  leaf  that  was  removed.  Let  x.  denote  the 

l 

father  of  the  (k-l)‘  leaf  that  was  removed.  Since  there  is  a  path 
between  x  and  x  ,  let  x.  ,  x.,,  x  ,  .  .  .,  x.  ,  x  be  the  sequence 
of  nodes  on  this  path.  Applying  the  reduction  step  described  above 


to  x^,  and  then  to  x^_j>  ar>d  then  to  x^  , 


.  .  ,  and  finally  to  x^. 


we  shall  obtain  a  k-ary  tree  with  n-1  internal  nodes.  Let  T  be  a  k-ary 
tree.  We  shall  use  ^^T)  to  denote  the  k-ary  tree  obtained  by  the 
reduction  procedure  described  above.  Figure  6  shows  an  example. 

Let  ’ 

N(x  v  7)  =  -KZTZZ£  fkx-y-z) 

Mx,y,z;  kx_y_zl  x-y  / 

Theorem  4:  LetC7  be  the  set  of  all  k-ary  trees  with  n  internal  nodes 
and  with  the  level  numbers  of  the  leftmost  k-1  leaves  being  a., a., 

•h  -it  I  z 

Let  denote  the  set  <>l  k-arv  trees  obtained  by  the  reduction 

procedure  desc r i bed  above.  Then  : 

Hie  left  to  right  order  of  the  leaves  of  a  tree  is  defined  in  the  obvious 


Clearly,  a 


XX 


(i) 


(ii) 


(iii) 


<&75  is  the  set  of  .ii  1  k-nrv  trees  with  n-1  Internal  nudes 
and  with  the  level  number  of  the  leftmost  leaf  being 


a,  -1  or  larger, 
k-l 


There  is  1-1  correspondence  between  the  trees  in 
and  the  trees  in  &a>- 

For  T  and  T'  in  if  T  T"  ,  then^Cl)  <ty0C‘ "  )  • 


U 


Figure  5 


Figure  6 


Proof  :  Let  T  be  a  k-ary  tree  with  n  internal  nodes  and  with 
the  level  numbers  of  its  leftmost  k-1  leaves  being  a^,  a^, . . . ,  a^_j . 

tfe  note  that  the  level  number  of  the  immediate  right  brother  of 
the  (k-1)  leaf  (which  is  either  an  internal  node  or  a  leaf)  is  also 


Thus ,  after  the  removal  of  the  lefirost  1—1  leaves  ofT,  the 
level  number  of  the  leftmost  leaf  of  the  remaining  tree  (which  is  no 

longer  a  k-ary  tree)  is  at  least  a^  j .  According  to  the  reduction 
procedure,  the  level  number  of  the  leftmost  leaf  of^(T)  is  at  least 

vr1- 

It  is  also  easy  to  see  chat  any  k-ary  tree  with  n-l  internal 
nodes  and  with  the  level  number  of  its  leftmost  leaf  being  a^  ^ - I  or 
larger  can  be  obtained  from  a  k-ary  tree  with  n  internal  nodes  and 
with  the  level  numbers  of  its  leftmost  k-l  leaves  being  a  t 

3k-l  * 

The  1-1  correspondence  between  the  trees  in  ^7  and  the  trees 
can  now  be  established  by  showing  thal 
It  is  well-known  tiiat  the  number  of  k-ary  trees  with  n  internal  nodes 
and  with  the  level  numbers  of  its  leftmost  k-l  leaves  being  a^,  a^, 

<  •  *  «  3,  •«  IS 

’  k-l 


N(n,  ak_lt  k-3)  -  (n,  +1  k-3) 


and  the  number  of  the  k-ary  trees  with  n-l  internal  nodes  with  the 
level  number  of  its  leftmost  leaf  is  a^^-l  or  larger  is 


N(n,  ak_1,  k-2)  (**) 

I  i 

It  is  a  straight  forward  computation  to  show  that  (*)  is  equal  to 

(**). 

Finally,  because  the  reduction  procedure  does  not  change  the 
relative  positions  of  the  subtrees,  thus  if  T  <  T  thenig(T)  <4&T’). 

Theorem_5  :  Let  T  be  a  k-ary  tree  with  .it  internal  nodes  and  with 
the  level  numbers  of  its  leftmost  k-l  leaves  being  a^  a2»..-,  a^_| . 

Let  Index  (T)  denote  the  number  of  k-ary  trees  with  n  internal  nodes 
that  are  larger  than  T  in  the  linear  ordering  in  Definition  1.  Then 

k  ”  I  _ 

Index(T)  =  N(n+1,  Sj+2,  k-2)  +  I  N(n,  a^+l,  i-2)  +  Index  (^(T)) 

i*2 


I 


Proof  :  Index  (T)  is  equal  to  the  number  of  k- ary  trees  with  the 

level  numbers  of  its  leftmost  k-1  leaves  being  a[t  ....  a^_j 

that  are  larger  than  T  in  the  linear  ordering,  plus  the  number  of 

trees  with  the  level  numbers  of  its  leftmost  k-2  leaves  being 

s  t  , 

aj  ,  a,,  ak_i  and  the  level  number  of  its  (k-1)  leaf  being 

a^_|+l  o»"  larger,  plus  the  number  of  trees  with  the  level  number  of  its 
leftmost  k-3  leaves  being  a(,  a^,  ak_2*  an<*  the  level  number  of 

its  (k-2)nc*  leaf  being  a^  2+1°r  larger,  •••.  plus  the  number  of  trees 
with  the  level  number  of  its  leftmost  leaf  being  a^l  or  larger. 
According  totheorem  4  the  number  of  trees  with  the  level  numbers  of 

its  leftmost  k-1  leaves  being  a)t  a., . a  (  that  are  larger  than  T 

in  the  linear  ordering  is  equal  to  Index  (J£C1)  )• 

The  number  of  trees  with  the  level  numbers  of  its  leftmost  k-2 

leaves  being  a(  ,  a,,,  ....  a.  2  and  clle  level  number  of  its  (k-1) 
leaf  being  a^_|  +  l  orlarger  is  N(n,  a.  j  +  l,  k-3)  ,  the  number  of 
trees  with  the  level  numbers  of  its  leftmost  k-3  leaves  being 
aj ,  a^,  ....  a^_3  and  the  level  number  of  its  (k-2)nc*  leaf  being 
alc_2+l  or^ar8er  is  N(n,  a^_2+*’  k-4) *  •••»  Che  number  of  trees  with 
the  level  number  of  its  leftmost  leaf  being  aj  and  the  level 
number  of  the  second  leaf  being  a2+l°r  larger  is  N(n,  a^+l  ,  0)  , 
and  the  number  of  trees  with  the  level  number  of  its  leftmost  leaf 
being  a^l  orlarger  is  N(n+l,  a^  +  2,  k-2). 

Theorem  6  :  Let  (pj,  P2»  P(j<-])n)  be  the  permutation  of  T. 

Then  p^  P2,  ....  Pjc_j  are  the  level  numbers  of  the  leftmost  k-1  leaves 
of  T. 


Proof  LetXj,  X2,  x^-i  denote  the  fathers  of  the  leftmost 

k-1  leaves  of  the  T.  There  is  a  path  from  the  root  to  Xj ,  to  x^, 
to  x.  as  shown  in  Figure  7.  In  a  root-first  subtree-  second 
subtree  -  ...  -  k  subtree  traversal  of  T,  x^,  X2,  ...,  xjc_j  will 
be  labelled  exactly  with  the  level  numbers  of  the  k-1  leftmost  leaves 
of  T.  Furthermore,  in  a  first  subtree  -  root  -  second  subtree  -  root  - 
...  -  k  subtree  traversal  of  T,  these  level  numbers  will  be  the 
first  k-1  labels  that  are  read  off. 


*  Note  that  the  number  of  such  trees  is  independent  of  the  values 


of  al*  a2 . ak-2 


Pk_3  <  P  *  Pk.2 

Pk-2  "  P  *  Pk-I 

Pk-l  <  P 

•  •  • 

The  rightmost  k-3 

The  rightmost  k-2 

ail  p's  become 

p's  become  p-l,  the 

p's  become  p-l,  the 

p-l 

others  unchanged 

others  unchanged 

Proof  :  To  simplify  che  notations,  we  prove  the  theorem  for  the 
case  k  -  3.  In  this  case,  the  theorem  can  be  stated  as  :  Let  (p|f  p^,... 
p2n)  be  the  permutation  of  a  ternary  tree  T  with  n  internal  nodes. 

The  permutation  ofi&T)  can  be  obtained  as  follows  : 

(i)  Remove  pj  and  p2- 


(ii)  The  remaining  p's  retain  their  relative  positions  with  the 
following  changes  in  value  : 


P  5  P, 

P,  <  P  s  P2 

P2  <  P 

p  is  unchanged 

the  right  p  is  changed  to  p-l 

both  p’s  are  changed 

the  left  p  remains  unchanged 

to  (p-l)'s 

Figure  8  shows  T  and ^(T)  where  the  subtrees  are  identified  by 
the  letters  A,  B,  C,  . ...  L,  M.  We  note  first  that  in  traversing  T 
and  labelling  the  internal  nodes  in  the  root-first  subtree  -  second 
subtree  -  third  subtree  order,  after  labelling  the  internal  nodes 
with  1,  2,  ...  p | ,  ...  p 2  as  shown,  the  subtrees  A,  B,  C,  ...,  L,  M 
will  be  traversed  and  their  internal  nodes  labelled  in  that  order. 

For  the  tr eej&T),  after  labelling  the  internal  nodes  with 
I,  2,  ...,  pj,  ...,  p2~ 1  as  shown,  the  subtrees  A,  B,  C,  ...,  L,  M 
will  also  be  traversed  and  their  internal  nodes  labelled  in  that 
order.  Now,  when  we  traverse  the  tree  T  in  the  first  subtree  -  root  - 
second  subtree  -  root  -  third  subtree  order,  we  read  off  the  labels 


as  : 


p,  P2<^(A)  P2^(B)  (p2-l)-^(C)  (p2-l)^(D)  ...  (p,  +2) 


ME)  (Pl+2)^(F)  (p^l)^(G)  (p^l)^(H)  p,  <£(1)  ... 

where  we  use*£(A)  ,^(B) ,  . . . -£(H) ,  *g(I)  to  denote  the  sequences  of 
labele  we  read  off  from  the  subtrees  A,  B,  . ...  H,  I.  Note  that  the 
labels  in <£(A) ,  ,  ...^(H),^(I)  are  all  larger  than  p2-  When  we 

traverse  the  tree  i&T)  in  the  same  manner,  we  read  off  the  labels  as 

'  (A)  (p2-i)^(B)  <p2-l)^(C)  (p2~2)  JS  (D). . .  (p,  +2) 

^'(E)  (pj  +  O^'CF)  (Pj  +  D^’tG)  p(.C(H)  ?l^(l)  ... 

where  we  use*^  (A)  ,  jff  (B) ,  . . .  ,«£'  <H)  (I)  to  denote  the  sequences  of 

labels  we  read  off  the  subtrees  A,  B,  ....  H,  I.  Note  that«£*  (A)  is 
exactly  equal  to.£(A)  with  each  of  the  labels  in«£(A)  reduced  exactly 
by  I,  and  so  on.  Comparing  the  two  sequences  of  labels,  we  note  that 
the  theorem  follows.' immediately. 


With  the  results  in  Theorems  6  and  7 ,  Theorem  S  provides 

immediately  a  recursive  algorithm  for  determing  the  rank  of  a  tree  T  when 
the  permutation  £(t)  is  given.  We  show  an  illustrative  example  :  Given  the 

pc  .-mutation  of  a  tree  to  be  2234431  155,  we  want  to  determine  Its  rank.  We 
have 

index(2234431 155)  -  N(6,4,l)  +  N(5,3,0)  +  index(2332 1 144) 

-  42  +  33  +  index(2332l 144) 

index(2332 1  144)  -  N(5,4,l)  +  N(4,4,0)  +  index(22 1 1 33) 

-  7  +  I  +  index(22l 133) 

index(221 133)  -  N(4,4,l)  +  N(3,3,0) 

-  I  +  I  +  index(1122) 

index(l 122)  -  N(3,3,l)  +  N(2,2,0)  +  index(ll) 

-1  +  1+0 

Thus 

index(2234431 155)  -42+33+7+1+1+1+1+1-87 

Since  there  are  273  ternary  trees  with  5  internal  nodes.  The  given 
tree  is  the  186th  tree  (273  -  87  -  186)  according  to  the  linear 
ordering  in  Definition  1 . 

4.  UNRANKING  ALGORITHM 

We  show  now  an  unranking  algorithm  which  is  the  reverse  of  the 
ranking  algorithm.  Given  index(T),  the  unranking  algorithm  will 
determine  £(T)  based  on  the  following  results  : 

Theorem  8  :  Given  index(T),  the  first  k-l  elements  of  j>(T) , 

P| ,  Pj,  •••,  pjc_j>  can  be  determined  as  follows  : 

(10  Pj  is  determined  to  be  the  smallest  integer  j  such  that 
index(T)  >  N(n+1,  j+2,  k-2) 


(2)  is  determined  to  be  the  smallest  integer  j  such  that 
index (T)  -  N(n+l,  pj+2,  k-2)  >  N(n,j+1,  o). 

(3)  P3,  p4.  ....  pk_  j  is  determined  recursively  to  be  the 
smallest  integer  j  such  that 

m-l 

index(T)  -  N(n+1,  p  +2,  k-2)  -  Z  N(n,  p.  +  l,  i-2) 

i-2  1 

>  N(n,  j+1,  m-2) 

for  m  =  3,  4,  k-1 . 

Furthermore,  index  C>^(T))  can  be  computed  as 

k-1 

index (T)  -  N(n+1 ,  p  +2,  k-2)  -  l  N(n,  p.  +  l,  i-2) 

i=2  1 

Proof  :  The  proof  of  this  theorem  follows  directly  from  Theorem  5. 

Theorem  9  s  Let  £(^(T))  denote  the  permutation  of^(T).  If  the 
first  k-1  elements  of  £(T)  are  known  to  be  Pj ,  p2,  , ) ,  then 
£( T)  can  be  determined  as  follows  : 

(1)  Place  pj,  p^,  pk_j  in  front  of  the  elements  in  £<#T)). 


(2)  The  elements  in  £<& T))  retain  their  relative  positions. 
However,  their  values  are  changed  as  follows  :  for  1  <.  p  s  (n-1). 


p  <  p, 

P,  s  P  <  P2 

P2  s  P  <  P3 

p  is  unchanged 

The  leftmost  p 

The  leftmost  two 

becomes  p+l,  the 

p ' s  become  p+ I , 

others  unchanged 

the  others  unchanged 

if 


,  ■  » <  v,  | 

Pfc-2  S  P  <  Pk-1 

Pk-1 

«  P 

*  •  « 

Che  leftmost  k-3 

p's  become  p+ 1 , 

the  others 

unchanged 

the  leftmost  k-2 

p ' s  become  p+ 1 , 

the  others 

unchanged 

all  p' 

p+) 

1  s  become 

Proof  :  The  proof  of  this  theorem  follows  almost  directly  from 
Theorem  7.  However,  we  should  point  out  why  the  word  "rightmost"  in 
Theorem  7  is  changed  to  "leftmost"  in  this  Theorem,  a  fact  that  is  not 
obvious.  Note  that  the  sequence  obtained  from  p(T)  by  removing  the 
first  k.-l  elements  p ^  ,  p^,  ...»  p^_|  has  the  property  that  all  Pjc_j's 
appear  to  the  left  of  all  (p  j-l)'s  which  appear  to  the  left  of 
all  (pj__j-2),s  which  appear  to  the  left  of  all  (p  j-3)'s  and  so  on. 
Thus,  the  operation  which  reverses  the  operation  in  Theorem  7  is 
that  stated  in  this  Theorem. 

As  an  example,  suppose  we  are  given  the  index  of  a  ternary  tree 
with  5  internal  nodes  to  he  87 

Since 

N(6,4,l)=42  N(6,3,l)«130 

we  have 

pr2 

Since 

87-  N (6, 4,1) =45 
N(5 , 3,0)=33  N(5,2,0)=88 

we  have 

p2=2 

we  have  now 

index  (^Jp(T) )  =  87-N(6,4,l)-N(5,3,0)=12 

Since 

N(5,4J)  =  7  N(5, 3, 1)=25 

we  have 

Since 

12-N(5,4,1)=5 

N(4,4,0)  =  l  N(4,3,0)=f> 

we  have 

P;=3 

We  have  now 

Index  <^>(^,(T)))  =  12-N(5,4,1)-N(4,4,0)  =  4 


Since 


we  have 


Since  4  -  N(4,4, 1)  -  3 

we  have  N<3’3’0)  "  1  N(3’2’°>  “  4 

P“  «  2 

we  have  now  -  4  -  N(4,4,l)  -  N(3,3,0)  -  2 

Since 

N(3,3,l)  -  1  N(3,2 , 1 )  -  3 

we  have  p,„  .  j 


N(4,4, 1)  -  1 


P"  -  2, 


N(4,3, 1 )  -  5 


N(3,2 , 1 )  -  3 


Since 


2  -  N(3,3,l)  -  1 
N(2,2,0)  =  I 


N(2,2,0)  =  I  N(2 , 1 ,0)  =■  2 

we  have 

u  P2  *  K 

we  have  now  .  dex^^(T)))))  =  4  -  N(3,3,l)  -  N(2,2,0)  -  0 


Now,  we  can  assemble  the  permutation  of  T  as  follows  : 

the  permutation  of  #<tf(#$(T)))))  is  (11) 

* 

the  permutation  of  4&$?(^f(T)  )  )  )  is  (1122) 

the  permutation  of  Jt($(T)))  is  (221133) 

the  permutation  ofJ&T)  is  (23321144) 

the  permutation  of  T  it  (223443)155) 


5.  THE  0-1  REPRESENTATION  OF  TREES 

It  is  well-known  that  a  k-ary  tree  with  n  internal  nodes  can  be 

represented  by  a  sequence  of  n  I's  and  n(k-l)+l  0's.  If  we  label  an 

internal  node  with  a  1  and  a  leaf  with  a  0  and  traverse  the  tree  in 

til 

the  order  of  root-first  subtree-second  subtree  -  ...  -  k  subtree, 
we  obtain  a  sequence  of  n  I's  and  n(k-l)+l  0's. 


a 


We  shall  refer  to  such  a  representation  of  a  tree  as  the  0-1 
representation.  Figure  9  shows  an  example.  It  can  be  shown  that: 


/  I  O  t  O  O  o  O  O  /  0  O  I  o  o  o 

Figure  9 

Theorem  10  :  The  lexicographical  ordering  of  the  0-1  representa¬ 
tions  of  k-ary  trees  is  consistent  with  the  linear  ordering  of  k-ary 
trees  in  Definition  1 . 

The  ranking  and  unranking  algorithm  presented  in  Sections  3  and 
4  are  particularly  suitable  when  the  0-1  sequence  representation  is 
used.  We  ionly  need  to  note  the  followings  : 

Theorem  1 1  :  In  the  0-1  representation  of  k-ary  trees,  for 

i  ■  1,  2 . k-1,  the  level  number  of  the  i^  leftmost  leaf  is 

equal  to  the  number  of  l's  in  front  of  the  i1"*1  0. 


Theorem  1 2  : 


(i)  The  0-1  representation  of  £(T)  can  be  obtained  from  that 
of  T  by  deleting  the  first  k-i  0's  and  the  rightmost  1  in  front  of 
the  (k-1 )SC  0? 

(ii)  The  0-1  representation  of  T  tan  be  obtained  from 
that  of  £&T),  when  the  values  of  a^  a 2,  ....  a^_(  are  given,  by 
adding  in  front  of  the  0-1  sequence  representation  of  •€<T>  a 
sequence  consisting  of  k-1  0's  and  a  suitable  number  of  l's  such  that 
a^  is  equal  to  the  number  of  l's  in  front  of  the  i  0  for 

i  =  1 ,  2,  ....  k-1 . 

Indeed,  the  ranking  and  unranking  algorithm  described  here  is  a 
natural  extension  of  that  for  binary  tree  due  to  Zaks  [6]. 


6.  THE  LEVEL  NUMBER  REPRESENTATION  OF  TREES 


As  was  pointed  out  above,  the  level  number  of  a  leaf  is  defined 
to  be  the  length  of  the  path  (number  of  edges)  from  the  root  to  the 
leaf.  By  the  level  number  representation  of  a  k-ary  tree  we  mean 
the  sequence  of  level  numbers  of  the  leaves  reading  from  left  to 
right.  In  [3]  and  [4]  listing  , ranking,  and  unranking  algorithm  for 
k-ary  trees  were  studied,  where  the  level  number  representation  of 
k-ary  trees  was  employed.  Figure  10  shows  an  example.  It  is  known 
that  : 


s  t 

*  Actually,  removing  any  of  the  l's  in  front  of  the  (k-1)  0  w’il  do. 

s  t 

However,  the  rightmost  1  in  front  of  the  (k-1)  0  corresponds  to 

the  internal  node  that  was  removed  in  the  reduction  procedure  in 
Section  3. 


Figure  10 

Theorem  1 3  :  The  lexicographical  ordering  of  the  level  number 
representation  of  k-ary  trees  is  consistent  with  the  linear  ordering 
of  k-ary  trees  in  Definition  l . 

It  is  quite  clear  that  our  ranking  and  unranking  algorithm  can 
be  applied  to  the  case  when  the  level  number  representation  of  k-ary 
trees  is  used.  To  obtain  the  level  number  representation  of  •^T)  from 
the  level  number  representation  of  T,  we  need  to  identify  the  leaves 
of  those  subtrees  that  are  moved  up  in  the  reduction  scheme. 
Conversely,  in  the  unranking  algorithm,  we  also  need  to  identify  the 
leaves  of  those  subtrees  that  are  moved  down  .to-  recover  T  from  i?(T). 

J  i 

Since  such  a  step  is  conceptually  very  simple,  we  shall  leave  the 
detailed  description  as  the  standard  "  exercise  for  the  reader"  (Hint 
The  subtrees  can  be  identified  by  carrying  out  a  sequence  of  "left 
reductions".  Byeleft  reduction  we  mean  starting  from  the  left  of 
the  level  number  representation,  replace  the  first  occurrence  of  k 
consecutive  level  number  qq...q  by  q-l.) 


7.  REMARKS 


7tp 


We  show  in  this  paper  : 

(1)  A  new  generalization  of  the  permutation  representation  of 
binary  trees  studied  in  [53.  Our  ranking  and  unranking  algorithm  are 
also  different  from  that  in  [53. 

(2)  A  generalization  of  the  ranking  and  unranking  algorithm 
for  binary  trees  studied  in  [6j  when  the  0-1  representation  is  used. 

(3)  Our  ranking  and  unranking  algorithms  for  k-any  trees  when 
the  level  number  representation  is  used  arc  also  different  from 

that  in  [3,  43. 

The  author  wishes  to  thank  Mr.  P.  Ramanan  for  many  helpful 
suggestions . 
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